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1.  Introduction . 

' i 

In  thla  paper  tf«  show  hear  to  ooastruat  the^ Green's  and  Neumann's 
functions  of  a linear  elliptio  partial  differential  equation  by  a method 
based  on  linear  functionals.  The  construction  depends  essentially  on  the  ' 
Hahn-Banaoh  extension  theorem  Cl],  which  has  been  used  recently  in  a sin  liar 
connection  by  Lax  [5 1 . Lax's  approaob  differs  from  ours  in  that,  while  his 
proof  centers  about  a bounded  linear  functional  based  on  inhomogeneous 
boundary  conditions,  our  proof  centers  rather  about  a funotional  based  on 
the  solution  of  an  inhomogeneous  differential  equation.  This  latter  point 
of  view  has  the  advantage  that  in  constructing  the  Green's  and  Neumann's 
functions  we  need  only  a fundamental  solution  of  the  differential  equation 
in  the  small,  and,  indeed,  we  oan  succeed  with  merely  a parametrix,  which  is 
readily  obtained  for  a linear  elliptio  partial  differential  equation,  whereas 
all  earlier  existence  proofs  of  the  type  studied  here  [3,  4,  51  are  based  on 
the  previous  knowledge  of  a fundamental  solution  in  the  large.  Our  considera- 
tions are  also  advantageous  for  domains  with  general  boundaries  and  for 
Ricaannian  manifolds. 

For  earlier  work  on  application  of  the  Sahn-Banaeh  theorem  to  boundary 
value  problems,  we  refer  to  the  papers  of  Caooioppoli  [2]  and  of  Miranda  C6j. 
It  should  be  mentioned  at  the  outset  that  the  proof  of  the  Eahn-Banaoh  theorem 
in  the  fora  in  which  we  shall  nead  it  in  this  paper  does  not  require  trans- 
finite  induotion,  sinae  the  Banaoh  space  of  continuous  functions  whioh  we  use 
is  separable. 
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2.  latJttuaiQa'i  iaaflUaa. 

tat  P*P(i)>  E.  > 0 be  i poaltive,  continuously  diffarantiable  function 
of  tbt  point  i In  s piano  domain  D bounded  by  a finite  number  of  simple 
closed  analytio  curves  0,  Denote  by  B the  Banaoh  apeoe  of  all  functions  f 
which  are  oontinuoua  in  D+0,  with  the  nor* 

• Ilf  II  * mz  |f  I , 

and  denote  by  B'  the  subspace  of  B of  funotioas 

(l)  f.  - A u-  Ptt  t 


where  u is  any  function,  oontinuoua  with  its  first  and  seoond  derivatives  In 
i.  D+0,  whoss  innef  soriaal  derivative  finTsbas  on  0/ 

(2)  -§%■  - o 

For  any  point  * in  D,  we  define  a linear  functional  L £fJ<-on  ^ by  the 
formula 

(3)  u(w)  - I^Au-PuJ 

That  this  linear  functional  is  uniquely  defined  and  bounded  oan  be  shewn  by 
the  following  argument. 


First,  if 

(4) 

in  D and 

(5) 


A o-  pu  ^ o 


-2JL 


- 0 


on  0,  then  U^O  in  D.  For  if  U < 0 in  some  subregion  of  D,  we  could  apply 
Green's  theorem  to  that  subregion  to  obtain 


(6) 


'J  C(7  U)2  + P^ldT?  - - 'Ju[ku-  PD]dT  - J tr  ds 


where  d'C  is  the  area  element  and  where  s denotes  the  aro  length  along  the 
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boundary  ourrei  o f the  region  0.  By  (4),  (5)  and  the  condition  0<  0,  It 

la  clear  that  cha  right-hand  aide  of  (6)  la  nen-poaitive,  whereaa  it  ia  equally 
dear  that  the  left-hand  aide  of  (6)  ia  poaitiva.  fhia  contradiction  yielda 
tha  original  statement  0^0.  Uniquanaaa  of  tha  functional  Lw  for  given 
Au-Puj  as  defined  in  (3),  ia  an  laeadiate  consequence  of  thla. 

Second,  let  v^*  l/E  , ao  that 

(7)  Av^-Pv^^-1  , 

and  let  M»  Ilf  II  . Than  in  D 

Adh^-uJ-P^-u^-B-f  - - l|fi!  -f^O  , . 

g>  ' — ■ " 

whence  Mv^-  u ^0.  It  follows  from  the  definition  (3)  that  for  f in  B/, 

(a)  "f  11  > 

whioh  proves  that  is  a bounded  functional. 

We  conclude  from  the  Hahn-Banaoh  theorem  that  the  bounded  linear  functional 
oan  be  extended  from  the  vector  space  B*  to  operate  on  all  elements  of  the 
Banaoh  space  B and  to  satisfy  (8)  there.  By  applying  the  extended  functional 
in  a suitable  way,  we  shall  set  up  an  expression  which  we  shall  prove  to  be  the 
Heumaun's  funotion  of  the  linear  elliptio  partial  differential  equation 

(9)  A w - Pw  ■ 0 

in  D. 

For  the  construction,  we  need  a so-celled  parametrix  S(w,z)  for  (9).  Such 
a paranatrix  is  a function  of  w whioh  has  a logarithmic  singularity  at  w*  a 
and  is  euoh  that  As-PS  in  continuous,  even  at  the  point  z.  More  precisely, 
we  shall  require  certain  regularity  properties  of  A S-  PS  as  a funotion  of  z, 
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and  for  our  present  purposes  we  seleot  S(w,z)  to  be  a symaetrio  function  of 
w and  z.  Let 

(l°)  g(*>*)  " log  + 

be  a fundamental  solution,  of  Laplace's  equation  in  a region  B.  When  E is  a 
sead-oirole,  it  is  an  elementary  problem  to  oonstruot  g explicitly  in  suoh  a 
way  that  g vanishes  on  tbs  eiroular  aro  bounding  E and  has  zero  normal  deriva- 
tives on  the  diameter  bounding  E,  We  set 

Il(w,«)  - 2^J|p(t)gCw,t)g(z,t)di:  , 

I2(w,z)  - 5^:  ^P(t)g(»,t5ll(B,OdC  , 

and  we  cat  < E, 

(11)  Sq(w,z)  * g(w,a)  - I^Wjz)  + I2(w,z)  , 

whence  by  Poisson's  equation 


AV»o--«2  ’ 

whioh  shows,  for  our  purposes,  that  SQ  is  a peraaetrix  for  (9).  If  E is  the 

above  semi-oirole  and  g is  explicitly  constructed  in  the  manner  described  for 

a semi-oirole,  then  3^  will  have  a normal  derivative  whioh  vanishes  on  the 

diameter  bounding  E.  For  z in  the  neighborhood  of  a point  zQ  in  whioh  we  are 

interested,  we  obtain  for  all  w a suitable  paraaetrix  S whose  normal  derivative 

vanishes  on  0 by  multiplying  Sq  by  a function  8 , with  continuous  derivatives 

of  the  first  few  orders,  whioh  is  identically  1 near  zQ,  but  whioh  vanishes 

identically  outside  a small  oirole  about  z . 

o 

Having  obtained  a parametrix  S(w,z)  in  this  manner,  W8  define  the 
Neumann's  function  N(w,z)  for  (9)  in  D by  the  formula 


(12) 


N(w,z)  - S(w,z)  - L^CA  - P(t)]S(t,z)J 


and  we  proceed  to'  show  that  H hes,  as  a funotion  of  ‘the  -.vlnt  a,  the  character- 
istic properties  of  the  Kauaann’a  funotion.  It  is  ealUly  verified  from  tha 
definition  (3)  that  H is  independent  of  the  ahoite  of  the  *.arametrix  S,  since 
the  normal  derivative  of  S vanishes  on  0 and  the  difference'  of- two  such 
parametrioas  is  regular. 

First,  since  L^  is  a bounded  fuaational,  the  quantity  - P(t)  f 3Ct,a)  1 

depends  continuously  on  z,  and,  indeed,  we  can  different* ate  with  respect,  to  a- 
under  the  functional  L . We  obtain 

(13)  [A- P(z)]N(w,z)  - [A- P(s)]S(w,a)  - Lf£[A-P(;*,)}(A^P(s5)lS(t,3)j-  * 0 

The  expression  on  the  right  vanishea,  aooerding  to  (3),  because,-  as  a fur.otion 
of  w,  the  expression  [A-  P(a)lS(w,a)  has  continuous  seoi'ni!  derivatives  in  D+0 
and  has  a normal  derivative  whioh  vanishes  on  0.  Thus  N satisfies  the  partial 
differential  equation  (9)  as  a funotion  of  z. 

Second,  H(w,z)  has  a logarithmic  singularity  at  the  point, z«w,  since 
the  second  term  on  the  right  in  (12)  is  bounded. 

Third,  wo  can  calculate  the  normal  derivative  of  N at  a point  z of  C 

‘O 

conveniently  by  making  a speoial  ohoice  of  S and  g in  (ll).  The  curves  C have 
an  analytic  representation  z-z(s)  in  terras  of  a parameter  s,  and  we  choose  E 
to  lie  in  D and  to  correspond  in  the  s-plane  to  a small  senr.-uirole  ihose 
bounding  diameter  lies  on  the  real  axis  and  whose  center  maps  into  We 
choose  g to  be  the  fundamental  solution  of  the  Laplace  equation  in  the  serai- 
oirole  whioh  vanishes  on  the  oiroular  boundary  and  has  normal  derivative  zero 
on  the  rectilinear  boondary.  Since  z»z(s)  i3  a conformal  mapping,  g satisfies 
Laplace'5*  equation  in  E also,  and  substitution  into  0j)  yieldi  a pa.\'ametrix  Sq 
with  vanishing  normal  derivatives  with  reapeot  to  both  z and  v on  an  aro  of  C 
including  the  point  zQ.  Multiplication  by  a function  S which  is  identically  1 


IV  V.I 


in  a •will  neighborhood  of  aQ,  identically  aero  outa ids  a ( slightly  larger  [ 

neighborhood  of  sQ,  and  hai  a vanishing  normal  derivative  on  G,  yielda  our  !' 

choice  of  S.  (A  selection  of  S as  a funotion  of  |al  will  satisfy  these  £ 

cc.  Sitiohi  ) t 

...  ■ ; ; ' .-^r  . . ’ ;i 

With  this  oho:  & of  S in  (12),  it  is  permissible  to  compute  the  norMl  != 

' • ■ •-  ■ jis 

derivative  of  N vita  respeot  to  s at  by  differentiating  under  the  bounded  . 

. • ‘ _ 0 V! 

> ■'  . ■ r 

functional  L . We  find 

;:(!*>  • a>  -$(•.■*£,  - \ {(A-  t)  fej  m 0 , _ :j 

3g  ■ _ ;3Sn  4 

since  *^pr  - #v  =0  throughout  D,  1 

We  have  thus;  shown  that  N has  the  three  characteristic  properties  o * the 

' *'  l’  ‘ : ' ' 

Neumann's  function  Of  (?)  in  D,  as  a funotion  of  z,  and  49  conclude  therefore 

that  the  Neumann's  funotion  exists  and  is  equal  to  N.  . 

1 ,3 
We  remark  <hat  it  is  possible  to  generalise  the  above  existence  proof  to  , 

: i . _ ' v 

r ’.mial  differential  equations  other  than  (9).  Also,  th.  r&i-triaticr 

independent  variables  is  urute;.  - 'ary.  - Indeed,  for  more  indepen',?*‘  ^ 

variables  the  mly  additional  complication  oomes  in  deriving  the  boundary 

oo.idition  (l  j,  whioh  has  been  based  here  on  oonformal  mapping.  However,  for 

geieral  ellip'/io  equations  in  several  variables  we  can  treat  the  easy  case  of  1 

i 

a plane  boundary  without  any  loss  of  generality,  since  we  can  always  find  a 

\ 

transformation  of  coordinates  which  takes  a small  portion  of  an  analytic  i 

suriaca  into  a portion  of  a plane  and  this  transformation  will  merely  carry 
one  elliptic  equation  into  another  whioh  can  be  disouaaed  equally  well.  In 
anotlier  dirtotion,  we  can  generalize  the,  existence  proof  by  replacing  the  ^ 

boundary  condition  (2)  by 

(15)  *#£  - A u - 0 


I 


vhflft  X is  a given  positive  function  on  0,  In  this  case,  we  obtain  the, 
existSboe  of  a Green's  funotion  of  the  third  kind,  ilio,  we  note  that  the 
domain  D may  ha  a multisheeted  Riemann  aurfaeo  oyer  the  plane,  instead  of  a; 
sohlioht  region.  ' 

■ i . •:  ■■■  ■ ■ ' 

3*  The  Green's  funotion. 

In  this  seotion ve  study  the  Diriohlet  problem  for  a linear  elliptio 
partial  differential  equation  in  several  independent  variables  by  a teohnique 
analogous  to  that  of  Section  2.  Our  objective  is  to  give  a more  penetrating 
analysis  of  the  boundary  condition,  with  hypotheses  on  the  boundary  far  leea 
restrictive  than  analytioity.  Ihia  can  be  aohieved  by  appropriate  use  if 
the  prinoiple  of  majorization  and  by  a stronger  use  of  the  Hahn-Banach  theorem. 
We  present  the  material  for  three  independent  variables  in  space  for  the  sake 
of  simplicity,  and  we  merely  remark  that  for  any  finite  number  of  dimensions 
the  steps  to  be  carried  out  are  si^  ii^.r. 

-eu  0 be  a bounded  domain  in  spree  tith  boundary  G having  the  followirf 
property*  Eaoh  point  of  C oan  - rr nr.'.-.n  - solid  sphere  R which  is  other- 

wise disjoint  from  D+0,  Let  P(z)'^l0  be  a non-negative  continuously 
differentiable^  funotion  of  the  point  z in  a neighborhood  of  D+0,  and  let  B^ 
denote  the  linear  epaoe  of  all  functions 

f - Au-Pu 

in  D+C  with  u twice  continuously  differentiable  in  D+G  and  zero  on  fi.  We  let  B 
denote  the  Banach  space  of  all  continuous  i\motlons  in  D+C  with  the  norm 

(jf  I)  ■ max  |f  | 

^The  considerations  apply  if,  in  plaoe  of  continuous  derivatives,  P(z) 
satisfies  a Lipschits  condition  I P(z)  - P(z')!^  Kjz-z'l  . 
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for  any  point  w i&Sfi  define  a linear  functional  L over  B/  ‘by  the  formula 
(16)  Lw[Aa-Ptt]  • u(w) 

that  thia  functional  la  uniquely  defined  follows  from  the  theorea  that  a 
solution  of  Au-Pu»  Q in  D whioh  variahes  on  0 auat  be  identically  0,  since 
it  cannot  have  a positive  naxiatua  or  negative  llniaua  in  the  interior  of  D. 
We  prove  that,,  fo*  f in  B/, 


(17) 

where 

\{t } & b(f)  , 

(18) 

b(f)  - inf  v(w) 

aaong  all  twiae  oontinuoualy  differentiable  funotiona  v with 
(19)  Av-Pv^f 

in  D,  and  v ^0  on  0.  Por  the  prooT,  we  note  that  ainoe 
A(v~  u)-  P(v-  u)^f-  f - 0 , 

v-u  oannot  have  a negative  mininua  inside  D.  Therefore,  since  v-u  >0  on  0, 
we  must  have  v-u ^0  in  D also,  whioh  yields  the  desired  estimate  (17).  In 
faot,  since  u is  itself  an  admissible  function  in  the  determination  of  b[f], 
we  have  equality  in  (17)  for  f in  B/.  In  particular,  b[0]-0. 

The  functional  b[f]  defined  in  (18),  (19)  has  a meaning  for  any  f in  the 
entire  space  B.  Por,  let  v^  be  the  function 

v2  - K-  l (x2  + y2+  a2)  , 

where  K is  a large  constant  such  that  Vj^O  in  B+C.  We  have 
A v^  - PVg  — - 1 , 

and  is  an  adniaslble  funotion  for  (18).  Thus 


(20)  b£f!<*2(w)\|(’flj  «£  K'llfli 
Al«o,  we  notice  that 

(21)  LifleSO 

I 

if  f ^0  throughout  D,  ainoa  the  funotion  t=0  la  than  admissible  in  (18). 

The  functional -b[f)  is  positively  homogeneous  and  subadditivej  i.e., 
bCtf]  - tbCf]  if  t >0,  bCf1*f2]s&bCf1l+  b[f2] 

The  latter  inequality  follows  from  the  faot  that  if  v'  and  v"  are  admissible 
funotions  for  the  determination  of  b[f^l  and  b[f2l,  respectively,  than  v'  + v* 
is  admissible  for  btf^+fg].  We  remark  that  sinoe  we  already  know  that  b[0]*0, 
the  subadditivity  shows  that  b[f  ] 5s  -b£*f  ] ||  f ||  , whenoe  b[f]  is  finite 

and  likewise  bounded  from  below. 

We  now  use  the  Hahn-Banaoh  theorem  to  extend  L^Cf ] as  a linear  funotional 
over  the  entire  apaoe  B still  satisfying  the  inequality  (17).  Applying  the 
extended  i — tional  to  a parametrix  for  the  equation 
A u-  Pu  ■ 0 

in  a suitable  way,  we  shall  obtain  the  Green's  funotion  in  D for  this  equation. 

Let  E be  a (small)  region  containing  z,  and  let  g (w , z ) ■ + ...  be  a 

fundamental  solution  for  Laplaoe's  equation  which  is  noh-negative  in  E and 
symmetric  in  w and  z (lw-z|  means  the  distance  between  w,z).  For  example, 
g(w,z)  could  be  the  Green's  funotion  for  Laplaoe's  equation  for  a sphere 
enolosing  E.  Set 

P(t)g(w,t)I^(z,t)d'C  , 

rE 

j * 1,2, ... , where  IQ(w,z)  ■ g(w,z)  and  dt  is  the  volume  element.  We  have 
Ij (w,z)  ^ 0 in  E.  Then 


(22) 


I,(w,z) 


ATT. 
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3 

(23)  So(w,«)  ■ 3T  (-l)^ 

is  a parametrix  for  tha  liquation  Au-  Pu  • 0,  and 

(24)  As  - PS  ■ PI,  ^0 

o 03 

For  s in  the  neighborhood  of  a point  aQ  in  which  we  are  interested,  we 
obtain  for  all  w in.D  a suitable  parametrix  S^w,*)  by  multiplying  Sq  by  a 
funotion  5,  with  continuous  derivatives  of  the  first  few  orders,  whioh  is 

i . 

identically  1 near  bq,  but  whioh  vanishes  identieally  outside  a small  sphere 

about  b • 
o 

Ve  now  define  the  Green's  funotion  G(w,z)  in  D by  the  formula 

(25)  Q(w,*)  «S(w,8).Lf[[A.p(t)js(t,e)] 

where  S(w,z)  is  a parametrix  in  D whioh  vanishes  when  w is  on  C.  We  Bhcw 
directly  that  G has  as  a funotion  of  z in  D the  characteristic  properties  of 
the  Green's  taction.  Note  that  the  formula  (25)  is  independent  of  tV 
particular  S(w,z)  used,  by  virtue  of  (l* 

First,  the  seoond  term  on  the  right  in  (25)  is  bounded  for  z near  w by 
virtue  of  (17)  and  (20),  so  that  G must  have  a pole  at  z*»w.  Seoond,  since 
the  functional  1^  is  a bounded  linear  Emotional,  the  second  term  on  the 
right  in  (25)  is  continuous  in  z for  7 in  D.  Indeed,  we  oan  differentiate 
with  respeot  to  the  coordinates  of  z under  the  operator  L^,  and  we  find 

{a-p(z)}g  - {a  - p(z)Js-lw[{A  - P(t)}{A- P(z)}s]  - 0 . 

The  last  equality  follows  from  (l6),  sinoe  -£A  - P(z)J  S(w,z)  is  a twice 
continuously  differentiable  function  of  w whioh  vanishes  for  w on  C. 

Third,  rre  prove  that  G^O.  Let  T'bs  a large  positive  number  and  let 
F(S)  be  e function  of  3 which  is  identically  S for  which  is  continuous 
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with  its  first  two  derivatives  for  all  S,  whieh  has  a finite  limit  as  3— **eo, 
and  whioh  has  a non-positive  seoond  derivative  F#(S)  for  3>(T  . With  the 
parametrix  So  oonstruoted  in  (23),  we  have^ 

(26)  ^-p}p(so)-£^-  p]so  - P*(VSo)2+  (?'-  i)(Asq- PSQ) 

♦ (?'se-r)Pws.o  , 

by  (24)  and  the  inequalities  F'S-Fs&O,  and  F'-l^sO,  whioh  follow  from 
P^O. 

Using  the  parametrix  oonstruoted  in  the  paragraph  immediately  following 
(24),  we  therefore  have  for  sufficiently  large  C T 
(A- P)F(S1)-  (A- P)S1^0 

It  now  follows  that 

F(S1)  - LwC{^-P)F(S1))^rLw[(A-P)S1] 

sinoe  the  linear  funotional  L^Cfl^.0  when  f is  everywhere  non-negative,  by 
virtue  of  (21)  (17).  Therefore 

q - s1-Lw[(A-p)s1]^s1-r^^>o 

which  is  the  desired  result. 

Finally,  we  prove  that  G has  boundary  values  0.  Let  zQ  be  a point  of  C, 
let  R be  a small  sphere  in  the  exterior  of  D and  touching  C at  zq,  and  let  R' 
be  0 small  sphere  containing  z^  and  orthogonal  to  R.  Denote  the  region 
outside  R and  inside  R'  by  S,  and  let  g(w,z)  be  the  Green's  function  for 
Laplace's  equation  in  E.  For  this  choice  of  E and  g,  define  X (w,z)  as  in 
(22)  and  set 

£/  "" 

^For  the  general  differential  equation,  FAoan  always  be  constructed  so  that 
the  first  term  corresponding  to  F#(VS  )*•  is  the  dominant  term,  and  we  still 
have  the  inequality.  0 


Than, 


S*(w,e)  * S (-1)^  M«*a) 
0 3-0  a 


As  - PS  ■ -PI  (w,a)  «S  Q 


Uao,  for  w on  the  boundary  of  E,  we  have  g(w,s)»0  and  l.(w,a)"0  from  (22). 
Therefore,  So(w,a)«0  on  the  boundary  of  E.  Since  So  oannot  hare  a negative 
Binlwin  in  the  interior  of  E by  (27),  it  follows  that 

throughout  E. 

it 

■ultiply  SQ  by  a non-negative  funotion  S , continuous  with  its  first 
few  derivatives,  whioh  la  identically  1 in  a snail  neighborhood  of  zq  and 

whioh  is  identically  0 in  a slightly  larger  neighborhood  of  bq.  This  yielda 

* 

a parametrix  throughout  D which  is  non-negative  on  C and  approaches  0 

as  z ->z  , 
o 

Por  any  paranetrix  S whioh  vanishes  on  0,  the  difference  S*-  S is  twice 
continuously  differentiable  in  D and  is  non-negative  on  C.  Hence,  by  (17), 
(18),  and  (19),  with  f ■ (<£l- P)(S^- S)  and  V"S^-S,  we  obtain 
LwC(A-P)(S*-S)]iSS*-S 


(28)  Q^S*-LyC(A-P)S*] 

Letting  b-*zq,  we  have  S1(w,z)->0  and  (A-  P(t))S  (t,a)-*0  uniformly  in  t} 
this  last  limiting  relation  is  clear  outside  any  neighborhood  of  zQ,  while 
inside  a small  neighborhood  of  it  follows  from  (27).  Consequently 

(29)  lim  G(w,z) ^ 0 , 

2 -*2_ 


and  sinoe  G 3>0,  we  oan  make  the  final  desired  conolusien 


I 

\ 


I 


(30)  lira  Q(w,z)  -0 

z — ♦O 

These  oaloulationa  show  that  0 'is  the  Greer's  funotion  of  D for  the 
linear  elliptic  partial  differential  equation  An*Pu.  This  construction 
of  0 gives  a remarkably  simple  proof  of  the  existence  of  the  Sreen'B  function* 
without  previous  knowledge  of  a fundamental  solution  in  the  large.  In  the 
speolal  case  PsxO  we  obtain  the  Qreen's  function  of  Laplaoe's  equation. 

Incidentally,  the  symmetry  cf  the  Green's  function  is  also  contained  in 
the  above.  Since  G(w,z)  is  the  Green'a  function  for  Au**Pu  aB  a function  of 
the  second  variable,  with  singularity  at  the  first  variable,  the  funotion 
Q(z,w)  is  an  admissible  singularitv  funotion  S(w,z)  in  (25).  *e  immediately 
obtain,  therefore, 

(31)  G(w,z)  - G(z,w) 

Of  course,  solvability  of  the  ^iriohlet  problem  is  obtained  onoe  G is 
known. 

f 

4.  SflflfiMl  JpnailBfl. 

The  argument  of  the  preceding  seotion  oan  easily  be  generalized  to  the 
oase  of  a domain  D,  bounded  or  unbounded,  with  an  arbitrary  boundary  C.  Let 
D lie  in  n- dimensional  Euolidean  spaoe,  where  n$r3>  and  let  P(z)^0  be  an 
arbitrary  non-negative  funotion  over  0,  continuous  with  continuous  first 
derivatives  in  D,  In  2 dimensions,  we  suppose  either  that  D is  bounded,  or 
if  D is  unbounded,  that  P(z)>0.  Consider  the  funotion 
• g(l  b|  ) , 

where  !z|<*r  is  the  distance  from  z to  the  origin,  and 


so  that 


Ag(r)  ■ - al'  5 < 0 

The  funotion  v^  is  positive,  Is  continuous  and  has  oo&tinuoos  first  and  second 
derivatives , and 

-*2  - (A-  P)v^<  0 , . - 

so  that  >0.  In  2 dimensions,  with  D unbounded  and  P > 0,  seleot  v^Sl, 
and  w^-P  >0,  Define  the  norm  of  a funotion  f whioh  1b  continuous  in  D by 

(32)  ||  f ||  ■ sup  I , 

1*3 

and  let  B denote  the  Banaoh  spaoe  of  the  functions  f with  finite  norm.  Let 
B;  denote  the  subspaoe  of  funotions  f in  B given  by 

f ■ Au-  p&  , 

where  u is  continuous  together  with  first  and  second  derivatives  in  D,  and 
u-^0  as  the  boundary  or  the  point  at  infinity  (if  D is  unbounded)  is  approached 
Finally,  define  the  linear  funotional  L^  over  B as  in  (16). 

Prooeeding  as  in  Section  3,  define  the  bound  btf]  for  any  f in  B as  in 
(18),  (19),  with  the  condition  v ^0  on  0 replaced  by  iig  r^O  as  the 
boundary  C or  the  point  at  infinity  1s  approached.  Inequality  0.7)  applies. 

An  admissible  funotion  in  (19)  is  llfllv^.  For, 

(A- p)  Ilf  l(v3  - - l|f||w3^  - ^ w^f 

Thus 

bCf]^v3(w)llfl| 

as  in  (20),  and  we  also  have  (21). 

Now  extend  the  funotional  L^Cfl  throughout  B so  that  the  inequality  (17) 
ia  retained,  and  define  the  funotion  G(w,z)  as  in  Section  3 by  (25),  where 
t3(w,z)  is  a parametric  whioh  vanishes  on  C and  at  infinity.  Section  3 shows 


I 
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that  G(w,z),  as  a funotion  of  z,  aatisifies  the  equation 

Au-  Pu  ■ 0 , 

and  has  a fundamental  singularity  at  z*i,  is  a funotion  of  the  second 
variable  a,  Q is  therefore  a fundamental  solution  over  D of  Au«Pu. 

We  shall  prove  that,  among  all  fundamental  solutions,  G is  ofaaraoterlzed 
by  the  property  of  being  the  smallest  positive  fundamental  solution,  this 
replaces  the  condition  0«0  on  the  boundary  0 because  of  the  arbitrariness  of  0 
first,  G(w,z) 0 throughout  D,  just  as  in  Section  3.  Seoond,  we  shall; 
show  that  the  important  symmetry  property 

(33)  G(w,z)  - G(z,w) 

is  easily  contained  in  our  formulation.  Let  S'(w,z)  be  a parametric  with 
non-negative  boundary  values  and  non-negative  values  at  infinity  (i.e.,  let 
liB  S'(w,z)  ^0  as  w->C  or  the  point  at  infinity,  if  D is  unbounded).  Then, 
by  (17)  and  (18), 

S'(w,z)-S(w,z)5&Lw[(^-  P)(S/(t,z)-  S(t,z))] 

or 

(34)  S'(w,z)-  LwC(A-  ?)S/(t,z)]^G(w,z) 

Now,  we  have  already  proved  that  G,  as  a funotion  of  its  second  point,  is 
a fundamental  solution  with  singularity  at  the  first  point.  Thus,  G(z,w) 

(note  the  location  of  z and  w)  is  a funotion  of  w which  is  continuous  and  has 
continuous  first  and  second  derivatives  throughout  D,  exoept  at  the  point  z. 
Sinoe  G(zf«)  0,  the  function  G(z,w)  is  therefore  admissible  as  a ohoioe  for 
the  parametric  S/(n,2)  in  (34),  and  we  obtain 
G(z,w)  s?G(w,z) 

This  inequality  holds  for  any  locations  of  the  points  z,  w,  so  that  by 
interchanging  s;,w  the  reverse  inequality  follows  and  the  symmetry  property 
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(33)  la  established. 

The  syanetry  property  (33)  shews  that  Q(w,»)  is  a well-bshavtd  funotion 
of  its  first  point  w.  as  well,  and  is  a fundamental  solution  as  a fcmation  of 
this  first  point  with  singularity  at  the  saoond  point. 

Third,  G(w,s)  is  the  smallest  positive  fundamental  solution  in  D with 
Singularity  at  s.  Tor,  if  ?(w,a)  is  saoh  a positive  fundamental  solution,  it 
oan  be  used  as  the  paraaetrix  S''(w,s)  in  (34),  with  the  desired  result 

T(i,s)  ^»Q(w,i)  , 

We  mention  the  following  additional  property  of  G(w,a)»  If  we  exolude 
a neighborhood  D_  of  the  singular  point  s,  the  funotion  G(w,s)  is  bounded 
for  w outside  this  neighborhood.  If  this  were  not  so,  use  the  funotion  F(Sq) 
constructed  in  oonneotion  with  (26), for  sufficiently  large  <7\  Define  the 
funotion  0(w,z)  as  equal  to  G(w,z)  for  w in  £1,  and  equal  to  F(G(w,z))  for 
w outside  O.  The  funotion  0(w ,z)  is  an  admissible  peranetrix  in  (34)  with 
the  result 

0(w,z)  - LwC(  A-  P)0(t,B)l  ^G(»,z) 

But  (A - P)0(t,z) ^ 0 by  (26),  and  (2l)  now  gives 

0(w,z) ^ G(w,z) 

Selecting  a point  w outside  Q.  where  0(w,z)  ^G(w,z),  we  oontradiot  the  inequality 
P(So)-<So,  or  0(w,b)<  G(w,z),  at  such  a point.  Therefore,  Q(w,z)  is  bounded 
outside  O..  (Indeed,  we  have  proved  that  G(w,z),  for  w outside -CL,  attains 
its  maximum  on  the  boundary  of fl,) 

We  shall  oonolude  with  several  remarks  concerning  the  generality  of  the 
method.  First,  the  considerations  apply  equally  well  to  an  arbitrary  elliptio 
partial  differential  equation  satisfying  a maximum  principle.  All  that  is 
required  is  tha  oonstruotion  of  a parametrix,  and  this  is  done  in  3 standard 
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...  '*  ' . 

Banner  using  • nuaber  of  terms  of  a Neumann  expansion  analogous  to  (23).  Als(i, 
the  construction  of  a partieular  funotion  analogous  to  v,  ean  be  performed 
under  reasonable  assumptions  concerning  the  behavior  of  the  ooeffialents  of 
the  differential  equation  on  the  boundary  0,  The  fact  that  the  boundary  values 

of  G are  eero,  as  in  Seotion  3»  can  be  obtained  by  using  the  infinite  Neumann 

* 

aeries  for  So>  Of  oourse,  if  the  equation  ia  not  aelf-adjoint,  the  adjoint 
equation  will  enter  into  the  considerations . 

Second,  the  considerations  apply  to  Riemannian  manifolds  in  place  of 
domains  in  Euolidian  apace.  Integrals  of  the  firBt,  second  and  third  hinds, 
Tilth  or  without  periods,  can  be  ooaatruoted. 
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